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SYSTEM 
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Abstract. In several fields of Physics, Chemistry and Ecology, some 
models are described by Liouville systems. In this article we first prove 
a uniqueness result for a Liouville system in R . Then we establish an 
uniform estimate for bubbling solutions of a locally defined Liouville 
system near an isolated blowup point. The uniqueness result, as well as 
the local uniform estimates are crucial ingredients for obtaining a priori 
estimate, degree counting formulas and existence results for Liouville 
systems defined on Riemann surfaces. 



1. Introduction 

In this article we are concerned with the fohowing generahzed Liouvihe 
system: 

n 

(1.1) Aui + ^aij/ij-e"^ =0, i e / = {1, .., n}, C M^ 

i=i 

where is a subset of M^, are positive smooth functions, A = 

(oij)nxn is an invertible, symmetric and non-negative matrix . 

(jl.ip is an extension of the weh known classical Liouville equation 

which finds applications in many fields in Physics and Mathematics. For 
example the Liouville equation is related to finding a metric whose Gauss 
curvature is a prescribed function [7j- In Physics, the Liouville equation 
represents the electric potential induced by the charge carriers in electrolytes 
theory [31] and the Newtonian potential of a cluster of self-gravitation mass 
distribution [TJ [U [321 [53] . Moreover, it is closely related to the abelian model 
in the Chern-Simons theories [191 [20[ [2T] . 

The Liouville systems are natural extensions of the Liouville equation 
and they also have applications in different fields of Physics, Chemistry and 
Ecology. Indeed, various Liouville systems are used to describe models in the 
theory of chemotaxis [14ll22j . in the physics of charged particle beams [2|ll7t 
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[23] and in the theory of semi-conductors [30j . For apphcations of Liouville 
systems, see [U [H] and the references therein. Here we also note that 
another important extension of the Liouville equation is the Toda system, 
which is closely related to the non-abelian Chern-Simons theory [181 134j . 

Chanillo and Kiessling [9j first studied the type of Liouville systems de- 
scribed by (jl.ip with constant coefficients in M'^ and they proved that under 
certain assumptions on A, all the entire solutions {Q = M?) are symmetric 
with respect to some point. Their result was improved by Chipot-Shafrir- 
Wolansky [15], who proved among other things the following symmetry re- 
sult: 

Theorem A (Chipot-Shafrir-Wolansky) Let A = {aij)nxn be a 
(1.2) invertible, symmetric, non-negative and irreducible matrix, 
u = {ui, be an entire solution of 

( Au, + ^^^1 aij-e"^ =0, M2, 

(1.3) 

[ /R2e"' < oo, iel = {l,..,n}. 

Then there exists p ^ M? such that all ui, ..,Un are radially symmetric and 
decreasing about p. 

Recall that a matrix A is called non-negative if Oij > {i,j G /), ir- 
reducible if there is no partition of / = Ii U I2, {h H I2 = ^) such that 
aij = 0,Vi G /i, Vj G h- 

It turns out that the following quadratic polynomial is important to the 
study of (fOI) : 

(1.4) Aj(cr) = 4^0-i - ^ a^jfJiO-j, J C / = {1, .., n}, 

where CFi = ^ e^% a = {ai, .., an}- 

It was first proved by Chanillo-Kiessling [9j that entire solutions of (jl.3p 
must satisfy a Rellich-Pohozaev identity: 

(1.5) A/((t) = 4^<Ti - ^ OijUiaj = 0. 

Later Chipot-Shafrir-Wolansky [T^ proved the necessary and sufficient con- 
dition for the existence of entire solutions to (II. 3p : 

Theorem B (Chipot-Shafrir-Wolansky) Let A satisfy Then a = 

{fji,. .,cj„} satisfies 

(1.6) A/(cj) = 0, anrf Aj(cj) > 0, V0 g J g /, 

if and only if there exists a solution {ui, ..,Un} of I such that ^ f^2 e"' = 
at, i G /. 

From now on we use 11 to represent the hyper-surface that satisfies (jl.6p . 
It is immediate to observe that for each a = {ai, .., cXn} on 11, there is more 
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than one solution corresponding to a. Indeed, let {u\^..,Un\ be such a 
solution, then {v\, defined by 

clearly solves (jl.3p and satisfies jjg2 e"^ = J^2 e"' {i £ I)- A natural ques- 
tion is: are all the solutions corresponding to a obtained from {mi,..,u„} 
by translations and scalings? Our first result in this paper is to give an 
affirmative answer to this question: 

Theorem 1.1. Let A satisfy U.^) . u = (ui,..,u„) and v = {vi,..,Vn) be 
two radial solutions of U.3\) such that e"' = Jj^2 e'"* , i G /, then there 
exists 6 > such that Vi{y) = Ui{6y) + 21og(^, i £ I. 

As is well known, for various equations it is important to have a classifi- 
cation of all the global solutions. The classification theorems of Caffarelli- 
Gidas-Spruck [6j, Chen-Li|12j. Jost-Wang [19j and Lin [26j play a centrol role 
in the blowup analysis for prescribing scalar curvature equations, prescrib- 
ing Gauss curvature equations, Toda systems and prescribing Q— curvature 
equations respectively. The existence result of Chipot-Shafrir-Wolansky 
(Theorem B) and the uniqueness result (Theorem II. ip can be combined 
to serve as a classification theorem for the study of the blowup phenomena 
of Liouville systems. 

In [15] Chipot-Shafrir-Wolansky also studied the Dirichlet problem for the 
Liouville system (jl.ip on bounded domains. They considered the nonlinear 
functional F: 

^(") = \T. I «'"Vtx.Vtx, - log( j /i,e"0, u G Hl{n) 

where a^^ {i,j G /) are the entries of A~^, pi {i G /) are constants, and 
hi{i G /) are positive smooth functions. Suppose the matrix A = (aij) is 
positive definite, it was shown in [15j that F is bounded from below in Hq{Q) 
if and only if A/(/3) > (p = (pi, ..,pn)), and a minimizer of F{u) exists if 
Af{p) > 0. Obviously the Euler-Lagrange equation for the functional F is 
the following 



(1.7) 



Uj =0 on 90 



so the existence problem for (jl.7p is solved if A/(p) > 0. 

It is also natural to consider Liouville systems on Riemann surfaces. Let 
{M,g) be a Riemann surface of volume equal to 1, then the following vari- 
ational form 
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corresponds to the system 

(1.8) AgUi+f^Pj^i.i r I'^'^^^y -1)=0, M, iel. 

(II. 7p and (|1.8p are generalizations of the Liouvihe equation defined locahy 
or on Riemann surfaces, respectively. For the single Liouville equation, vari- 
ous results on a priori estimate, degree counting formula and the existence of 
solutions have been obtained by Chen-Lin [10l[Tl]. To study (|1.7p and (jl.Sp . 
it is important to understand the asymptotic behavior of blowup solutions. 

In this article, we consider the following local estimate crucial to the study 
of ([TTl) and ([rHD: Let u'' = be a sequence of functions which 

satisfies 

fc 

'3' 



(1-9) 



+ ELi Oy/i^e"^ =0, Si C iel 



^ /s^/i-e"" <C, iel, A; = 1,2,.. 



where B is the unit ball with center 0, are positive functions 

uniformly bounded away from 0: 

(1.10) q ^ < /i^ < ci, max|V/if| < ci, i G /, k = 1,2, ... 

Suppose is the only blow-up point for and each component of has a 
finite oscillation on dBi: 

(1.11) maxiif<C(l^), CC Si \ {0}, i G / k = 1,2.. 

(1.12) \u^i{x)-u'y{y)\<Co, yx,yGdBi, iel. 

Our main assumption on is that converges to a Liouville system of 
n equations after scaling: Let Ui(xi) = max^^ nj^ (i G I), = e~2"i(^i) 
and 

(1.13) vf{y)=u'^{eky + x\)-ul{xl), y £ flk, i e I 
where ■= {v, e"^"?(^i) . -j-x'l G Bi}. Then 

(1.14) v'' = (wi , .., v^) converges in Cl^iR^) to v = {vi, .., v„) 
which is a solution of the Liouville system 

n 

/:\Vi + 'S^ aijhje"' = 0, M^, hi = lim h^ixi), i G /. 

Note that vi, ..,Vn are all radial functions because by Theorem A they are all 
radially symmetric with respect to a common point and is the maximum 
of Vi. Our major local uniform estimate is: 

Theorem 1.2. Let A satisfy = (ni,..,u^) he a sequence of solu- 

tions to ( fi.gj) such that 11.9\) - ITA^ hold. Then 
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(1) there exists a sequence of radial solutions = {V^ , ..,V,I^) of 

n „ 

^Vt + Y,a^jh%<d)e^^ = 0, M^^ j ^e^' < oo, i £ I 

such that along a subsequence 

(1.15) \u'i{x) -Vf'ix - x'l)\ < C{A,co,ci,a), i e I x e Bi, 

where a = ((Ji, .., cr„), <7i = 27 /k2 /^je^S V'^ is uniquely determined 
by 

(a) V>'{0)=u>lix1) 

(b) /j,, /.^^(0)e^'= = /^^ /.^^e^\ J = 1, ..,n - 1. 

(2) There exists 5 > such that 




First we note that since every entire solution of the Liouville system sat- 
isfies (jl.Sp . /jj2 h^{0)e^" is uniquely determined by (b) and 

Second, it is tempted to think that p.lSp is equivalent to \v^ — Vi\ < C 
{i G I) in Qfc. In fact, the function v may not be V'^ scaled according to the 
maximum of and the difference between and v may not be uniformly 
bounded in O^. This is a special feature of Liouville systems which can 
be observed from the entire solutions of (|1.3p as follows: Every point on 
n corresponds to an entire solution. Let a'^ = (crj^, .., o"^) be a sequence 
of points on 11 that tends to a = (cti, .., (T„). Let {w^ = {w\, ..,w^)} be 
a sequence of solutions corresponding to o"^. which converges in Cf^^(M?) 
to w = {wi, ..,Wn), a solution corresponding to a. By standard potential 
analysis (see [l5|) 

Wi{x) = -(^ aijaj ) In |x| + 0(1), \x\ > 1 
j 

and 

Wi{x) = — (^^ (^ij'^j) 1^ + 0(1), \x\ > 1, i £ I. 
3 

From the above we see that even though — cj, the difference between 
and w may not be finite at infinity. Therefore the choice of in the 
statement of Theorem 11.21 is necessary. 

For Liouville equations without singular data, the type of estimate in The- 
orem [L2] was first derived by Li [24]. Later Bartolucci-Chen-Lin-Tarantello 
[3] and Jost-Lin-Wang [21j established the same type of estimates for Li- 
ouville equations with singular data and Toda systems, respectively. The 
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results of Li[Mj and Bartolucci-Chen-Lin-Tarantello [3] have been improved 
by Chen-Lin [ini and Zhang [351 [36] to a sharper form. 

The estimates in Theorem 11.21 would be very important when a sequence 
of solutions {u^} of (|1.8p has more than one blowup point. Suppose = 
{u'f, ..,u'^) is a sequence of solutions of (II. Sp with pj > (i G /). Assume 
that pi,P2 are two blowup points, and the assumptions of Theorem 1 1 . 2 1 hold 
in neighborhoods around pi and p2- By Theorem 11.21 there exist two entire 
solutions obtained from the scaling of at pi and p2- The question is 
whether these two entire solutions are equal. Indeed, the answer is yes when 
A is positive definite, which is a consequence of Theorem 11.11 and 11.21 (see 
section five for a proof of this fact). The conclusion here is crucial to proving 
a priori estimates for (II. 7p and (jl.Sp . In a forthcoming paper [27] we shall 
discuss the a priori estimates, degree counting formulas and existence results 
for dTT]) and (fLSp . 

Our next result concerns the location of blowup points for a sequence of 
blowup solutions. Let {u*^} be a sequence of solutions of (jl.Op that satisfies 
the assumptions in Theorem 11.21 Let {'i/'f }ig/ be the harmonic functions 
defined by the oscillations of uf on dBi : 

AV'f = 0, Bi, 

i^' = ^i-i^IdB,^'dS, on dB,, 

By the mean value property of harmonic functions we have V'f (0) = 0- Also, 
since {uf have bounded oscillation on dBi, all the derivatives of {V'f jig/ 
on Bi/2 are uniformly bounded. 

Theorem 1.3. Let hi, ijji (i ^ I) be limits of hf and ipf , respectively, then 
under the same assumptions in Theorem \l.S\ 

Theorem 11.31 can be used to determine the locations of blowup points for 
(jl.Sp in the following typical situation. Let {u^} be a sequence of blowup 
solutions to (jl.Sp with pi > Q {i ^ I), A satisfy (|1.2p . In addition we 
assume A to be positive definite for simplicity. We can certainly assume 
Jj^h^e^i dVg = 1 {i ^ I) because for any solution u = {«!,..,«„} to (|1.8p . 
adding a constant vector {Ci, ..,Cn} to u gives another solution. Suppose 
pi,..pm are disjoint blowup points of such that around each pt {t = 
1, ..,m), n'^ converges in Cf^^{M?) to a Liouville system of n equations after 
scaling. Let G be the Green's function with respect to — on M: 

-AgG{x,p) = 6p-l, [ G{x,p)dVg{x) = 0. 

Jm 

Corresponding to G we define 

G* ix,p) = G{x,p) + ^x{r) log r 
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where r = dg{x,p), X is a cut-off function supported in a small neighborhood 
of p. Using G* , the blowup points pi,..,pm are related by the following 
equation: 

iei ^ jei t=i ^ 

where ViG* means the covariant differentiation with respect to the first 
component. 

Even though the results in this paper (Theorems ll.lll.2IL3|) have their 
counterparts for the Liouville equation, there are some essential differences 
between the Liouville equation and the Liouville system that make the anal- 
ysis for the latter harder. First, the uniqueness theorem (Theorem II. ip for 
the system is generally harder to prove than one single equation, because of 
the lack of the Sturm-Liouville comparison theory for the linearized system. 
New ideas are needed to handle this difficulty. In this article, we mainly use 
the method of continuation to prove Theorem II. 1[ Second, for the Liouville 
equation on 

An + e" = 0, M^ / e" < oo. 

All the solutions satisfy Jjg2 = Stt. However, for the Liouville system 
(jl.3p . let a = (o"i, ..,(T„) be the integration of the entire solutions, which is 
on n (see (jl.6p ). From Theorem B we see that under some conditions we 
have a continuum of solutions, as every point on n corresponds to a family 
of solutions. This difference on the structure of entire solutions exists not 
only between the Liouville equation and the Liouville system, but also be- 
tween the Liouville system and Toda systems [21j. Finally, for the Liouville 
equation, the Pohozaev identity is a very useful tool, which gives a balanc- 
ing condition between the interior integration and the boundary integration. 
However, for the Liouville system, the information from the Pohozaev iden- 
tity is limited, as we have more than one equation. In this article, we use the 
uniqueness Theorem (Theorem II. ip to remedy what the Pohozaev identity 
can not provide. 

The organization of the paper is as follows: In section two we prove 
Theorem 11.11 for two equations. We feel that the case of two equations is 
more explicit and represents most of the difficulties of the system. Then in 
section three we prove the general case of Theorem 1 1.1 1 by mainly stating the 
difference with the proof in section two. In section four we prove Theorem 
ll.2l and in section five we prove Theorem 1 1.3 1 as well as ()1.16p . Finally in the 
appendix we list a few Pohozaev identities to be used in different contexts. 

Acknowledgement Part of the paper was finished when the second au- 
thor was visiting Taida Institute of Mathematics during December 2007- 
January 2008 and in December 2008. He is very grateful to the Taida Insti- 
tute of Mathematical Sciences for the warm hospitality. 
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2. Proof of Theorem 11.11 for two equations 
In this section we prove Theorem II. II for two equations. So the system is 

r Ami + one"! + aiae"^ = 0, 

(2.1) <^ Ana + ai2e"i + 0226"^ = 0, M^, 

where the assumption on A now becomes an > 0, i = 1,2, 012 > and 
/ ail 022- Let 

— / e"' and mj = ajjO",-, iG/={l,2}. 

By standard potential analysis (see, for example [K]) we have 

(2.2) mi>2 iG/={l,2} 
and 

(2.3) Ui{x) = -mi\n\x\ + 0{l), \x\>l iel. 

Let u = {ui, U2} be a radial solution of (|2.ip and we consider the linearized 
equation of (j2.ip at u: 

(2.4) {r(pi{r)y + ^ Uije^^ <pj{r)r = 0, < r < 00, i G /. 

Lemma 2.1. Lei (/> = ((/)i,(/)2) a solution of \2.4^ , then (j)i{r) = O(lnr) 
at infinity for i ^ I . 

Proof of Lemma I2.lt Let '(/'(O = {'^i{t),'4^2{t)) be defined as 

^i{t) = (j)i{e*), i G /. 

Then ip satisfies 

V'f (0 + Yl a*je"^^'^*^^^Vj(i) = 0, -00 < t < 00, iel. 
3 

Let V'a = V'l) ^^4 = V'2 F = (V'l, .., V'4)"^) then F satisfies 

F' = MF 

where ^=^g Bisa2x2 matrix with Bjj = — ajje"^^'^*)"''^*. 

For t > 1, the solution for F is 

(2.5) F(t) = lim e^^(*^)...e^^(*o)F(0). 

where to, ...,tN satisfy tj = j * e, j = 0, .., N, e = t/N. Since Ui(e*) + 2t ~ 
(— rrij + 2)t when t is large and mj > 2(see ()2.2p ), we have ||B|| ~ e~^* for 
some 5 > and t large. With this property we further have 

(2.6) ||Mf < Ce-'^^i*, A: = 2, 3, ... t>0 
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for some Si > 0. Using ()2.6p in p.5p we have 

||F(t)|| =0(t), t>l. 
Lemma |2. II is established. □ 

Lemma 2.2. Let (p = {(/>i,i?i>2} a hounded solution of {2.4% then (p = 
C{ru'i + 2, ru'2 + 2) for some constant C . 

Proof of Lemma 12. 2t Let 

/ = (rn; + 2,ru'2 + 2), 

it is easy to verify that (fP solves (12. 4p and (j)^ is bounded. We prove Lemma 
12.21 by contradiction. Suppose 4> = {4>i,4'2) is another bounded solution of 
(j2.4p and is not a multiple of (p^, then cp^ and 4' form a basis for all the 
solutions of (|2.4p . Since ^i(O) and <^2(0) can not both be 2, without loss of 
generality we assume (^i(O) = and 02 (0) = 1. We use E to denote the set 
of all solutions. Since every solution is a linear combination of (p^ and (p, all 
the solutions are bounded. Let 

S = {a\ 3 (01, (^'2) G E, 01 (0) = 2, 02(0) = a < 2, such that 

/ e^^(j)i{s)sds > for all r > i G /}. 
Jo 

We note that if 02(0) = 2, then 0(r) = {ru\{r) + 2, ru2{r) + 2). It is easy 
to see that 2 G 5 because 

/ e"'(s'u^ + 2)sds = rV'('^) > 0, i G /. 

JO 

Next we see that S is a bounded set. Because if a < 0, let = {0i, 02} be the 
bounded solution such that 0i(O) = 2,02(0) = a. Then /J" e"2('^)02(s)sds < 
for r small enough. So a ^ S. 

Set ao = infg a. Then we claim that oq G S. In fact, let {a^ G S} tend to 
ao from above as A: — > 00, let 0^^ = {0^, 02} correspond to a^. Since G 5", 
Jq se^*(p'j^{s)ds > 0, for all r. Moreover, it is easy to see that 0^^ converge to 
a solution = (0i, 02) in E because 0'^s are linear combinations of (p^ and 
0. It is also immediate to observe from the convergence that 



/•r 

/ e^'(j)i{s)sds > 0, for all r > 0, i e I. 
Jo 



Thus, 



r<p'Jr) 



rr 

'^O'ij e"^0j(s)s(is < 0, iel. 
, Jo 



3 

So both 01 and 02 are non-increasing functions. Since they are bounded 
functions, for each i G / there exist — > 00 such that ri(j)'-{ri) 0, which 
leads to 



^^aij e"J0j(s)sds = 0, iel. 
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Then we obtain the fohowing from the invertibihty of A: 

(2.7) / e"'(/>i(s)sds = 0, i G /. 

Jo 

Since (pi and (/>2 are non-increasing functions, (j2.7p imphes that 



hm 4>i{r) < f € /. 

r— >oo 

Indeed, for example for (pi, e'^^(j)i{s)sds = and the monotonicity or 
<j)i imply either lim^^oo 0i('^) < or 0i = 0. Then we see immediately 
that the latter case does not occur, as (/>i(0) = 2. Similarly for (/)2, the case 
that 02 = also does not happen because cpi ^ 0. Another immediate 
observation is (^'2(0) > 0. 
For the above, we have 



e^^Sisds > if Siir) > 0, and 







I e^'(j)isds> / e'^'4'isds = 0, if 0i(r) < 0. 
Jo Jo 



Thus ao € 5. 

Now we claim that for e > small enough, oq — e S 5*. Indeed, consider 
(j) — ecj), obviously this is a solution to (|2.4p and satisfies 0i(O) — e(j)i{0) = 2, 
ip{0) — eV'(O) = ao — e. Since {cpi — ecpi, (p2 — £^2} is a bounded solution of 
(l2Til) we have 

noo 

e^' {(pi - e(pi)sds = 0, z G /. 

'0 

For r large and e small, since (pi{r) and (p2{r) are smaller than a negative 
number for r large, it is easy to choose e small enough so that 



f 

Jo 



00 

e^H(pi - e(pi)sds < 0, i ei 



for all large r large. Consequently 

(2.8) / e"'(0i - e4'i)sds > i G / 



JO 

for all large r. Then by possibly choosing e > smaller, we can make (j2.8p 
hold for all r > 0. ao — e G 5 is proved. This is a contradiction to the 
definition of oq- Lemma 12.21 is established. □ 

Now we are in the position to complete the proof of Theorem 11.11 for two 
equations. We consider the following initial-value problem: 



(2.9) 



+ ^ + E,- Oij-e"^ = 0, ^ = 1,2, 



ui(0) = a, M2(0)=0. 
Case 1: an > 0, i = 1,2 



UNIFORM ESTIMATE FOR LIOUVILLE SYSTEM 11 

Since an > 0, by Lemma 3.2 in section three, the solution pair Ui{r), 
exists for all r > and i = 1,2, and satisfies 

roo 



poo 

/ e^'^^'Vdr < +00 ,i = l,2. 
Jo 



Set 

f oo 



ai{a) = / e^'^^'Vfir ,i = 1,2. 



Thus (t(q) = ((Ti,(T2) is a function of a and lies in 11 (defined by (II. 6p ). 
which is a curve: A/((t) = (cri, cj2 > 0). We want to prove that 

0- : M ^ n 

is an 1-1 and onto map. Since both M and 11 are connected, it suffices to 
prove a is an open mapping. In the following, we want to show the claim 

(2.10) -^7^0 and ^ / for ah a G 

oa oa 

Then the openness of a follows immediately. 

We prove this claim by contradiction. Suppose there exists a such that, 

say, (?o,(7i = 0. This implies immediately that 



roo 

(2.11) / re"i 

Jo 



1 = 0, 



where cpi = daUi. Correspondingly we set 4)2 = daU2- Then {(/>!, (^2} satisfies 
the linearized system ()2.4p . By Lemma l2.1l (^,(r) = O(lnr) at infinity. The 
Pohozaev identity for ()2.4p is (see the appendix for the proof) 

(2.12) ^(rVi(r)e"' - 2 j se""^ (t)i{s)ds) = - Y^a'^ {r4)[{r)){ru'^{r)). 

i ij 

The first term on the left hand side of (j2.1ip tends to as r — > 00. To deal 
with the terms on the right hand side, first we use the equation for (pi to get 



, Jo 



I 

The equation for Ui gives limr-too fu[{r) = —nii. Putting the above infor- 
mation together we obtain the following from (j2.12p : 

roo 

V(mi-2) / se""(/)i(s)ds = 0. 
Jo 

By (j2TT]) . we have 

roo 

/ e'''(j)irdr = 0, i = 1,2. 
Jo 

Using (j2.12p for the equation for 0j we have 



— ri 



rr roo 

6-(r) = / ^ ajj-e"-' (/)-,• sds = - / '^aijC^^ (pjsds = 0{r' 

Jo Jr 
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for some 6 > 0. Therefore {i G /) is bounded at infinity. By Lemma 12.21 
there is a constant c such that = c{rui + 2), 02 = c{ru2' + 2). But one 
sees immediately that this is impossible because 0i(O) = 0, </>2(0) = 1. The 
claim is proved. 

Theorem 1 1.1 1 for this case is implied by the claim. In fact, suppose {ui, ^2} 
is another pair of radial solutions of the Liouville system so that fj^2 e"' = 
/ig2 e"* {i = 1,2). By scaling, we may assume M2(0) = ^2(0) = 0. Since 
the mapping a : M"^^ ^ 11 is one to one and onto, we have «i(0) = ■ui(O). 
Consequently Ui = Ui {i & I), hence Theorem 11.11 is proved for the case 
an > 0,i = 1,2. 

Case 2: There exists i such that an = 0. 
Set 

Hi = {a|e"^ G L1(M2), j = l,2, u = (ui, ^2) is a solution of (gj])} 

Similar to the previous step, the map IIi — > IT is an open mapping. Since 
Oil = or a22 = 0, n is non-compact and connected. Thus a is 1-1 and 
onto from each component of Hi onto 11. 

Now suppose Hi has two component, say 11} and 11^. Choose any a of 
n. Then there exists ai G II}, and 02 G Ilf such that = {ui^,U2^) and 

= (ui^,U2^) are the corresponding solutions of (j2.9p and satisfy 

/ e'^^\dr = / e'^^^rdr = aj j = l,2. 
Jo Jo 

Clearly, 3Ro such that for r > Rq and some 6 > 0, 

{uj^)'{r)r <-{2 + 26) j = 1,2 k = l,2. 
Now consider the perturbation of (|2.9p : 







1,2 



(2.13) 

1^ ui(0) = a, U2{0) = 

Here we require e G (0, 5o) where Sq is so small that the matrix {aij-\-c6ij^nxn 
is non-singular for all e G (0,5o)- Let u'^''^ = (m^'^,M2'^) be the solution of 
(j2.13p with respect to the initial condition (0^,0) {k = 1,2). For 6q small 
we have 

('uJ''(r))V <-{2 + 5) at r = Rq, < e < 60. 



Then by the super-harmonicity of u^'*^ it is easy to show 



{u'''\r)yr <-{2 + 6) for r > Rq. 



Thus, 3C > and Ri > Rq such that 



(2.14) 



e"^('') < Cr-(2+^) for r > i?i 
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Hence for k = 1,2, 

a/(afc) = / e"/'("Vdr = / e^ ^'Vdr + o(l) = (jj + o(l), j = 1, 2. 
Jo Jo 



where o(l) ^ as e ^ 0. 
Next we claim that 



Indeed, 



(2.16) -^{ak) = j^ re'^y (-)-^(r)dr, j = 1,2, k = l,2. 
( , ) satisfies the following linearized equation: 

-^(^) = EK + '%K' 1^. 

Using the argument of Lemma 12.11 we have 

(2.17) I— ^(r)| < Clnr, r > 2, i = l,2. 

aa 

where the constant C is independent of e G (0,5o). Moreover, for any fixed 

R > 0, (r) converges uniformly to "gjj"(?^) over < r < i? with respect 
to e. Using the decay estimates ([XT^ and (PTTI) in we obtain (|XT^ 

by elementary analysis. 

Since lim^^o ^^(c^i) = ^('-'^i) there exists ai(e) = ai + o(l) such 
that 

(2.18) ai^(ai(e)) =^1^(02). 

Both (cjj(ai(e)), 0-2(01 (e))) and (cif (02), 0"2(a2)) satisfy Aj"{a'^) = 0, which 
reads 

2 2 

i,j=l i=l 

Using ()2.18p in the above we have 

o-2'(ai(e)) = o-2'(a2)- 

Since ai{e) 7^ 02, it yields a contradiction to the uniqueness property 
that the system (|2.13p satisfies. Hence the proof of Theorem 11.11 for two 
equations is complete. □ 
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3. Proof of Theorem 11.11 for the general case 

The proof for the general case of Theorem 11.11 is similar to the case of two 
equations. We mainly focus on the difference in this section. 

First we point out that Lemma 12.11 still holds for the general case with 
the same proof. The first major result in this section is the following 

Lemma 3.1. Let (p = ..,(j)n) be a bounded solution of 

n 

(3.1) (r</>^(r))' + ^Oije''^r0j(r) =0, < r < oo, i G I = {1, .., n}, 
then 4)i{r) = ru[{r) + 2, i G / = {1, .., n}. 

Proof of Lemma I3.lt Let 4>^ = {ru[{r) + 2, ..,ru'^{r) + 2), then by di- 
rect computation one sees that (p^ is a solution of (j3.ip . Suppose there is 
another bounded solution (j)^ = .., ^^) different from cj)^, without loss of 
generality we assume </>i(0) = 0, as one of 4>j{0) must be different from 2. 
To derive a contradiction we define 

S = {a; 3 a bounded solution cj) such that 0i(O) = 2, 
4>i{0) = ai <3, i = 2, .., n; a = min{a2, ••, "n} 

/•r 

/ e"»('Vi(s)sds > 0, Vr > 0, i G /}. 
Jo 

By direct computation 2 G S", which corresponds to the solution cj)^. Since 
(j)^ {i G /) is strictly decreasing, we can choose t small enough to make all 
components of (fp A-tcp^ strictly decreasing. By choosing t or —t we can make 
2 — e G S for some e > sufficiently small. Let a be the infimum of S and 
let = {a\,..,a^} G 5" be a sequence in S that tends to a from above. 
Suppose (p^ = , --^ipn} is the solution corresponding to ^ then we claim 
that {(j)^} converges io (p = {4>i, ..^cpn}-, which is also a bounded solution with 
strict monotone properties described in S. Indeed, let ip^ = {ipi^, •., V'tT) be 
the solution to ([HtI) such that tp^iO) = 5f . By Lemma OV^ri^) = O(lnr) 
at infinity, p^ can be written as 

n 

(3.2) <^'= = ^ aU^. 

m=l 

Since a < a*^ < 3, (i G /) for all k, along a subsequence, a'^ converges to 
{ai, , ,an}- As a consequence, (j)'^ converges to p) = X]m=i ^m'P'^ uniformly 
over any compact subsets of . The monotone property of p>'' implies that 




e"^(/>i(s)sds > 0, i G I, Vr > 0. 
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On the other hand, since (f)^ are all bounded functions, for each (f>^ we find 
ri Qo such that ri{(j)fy{ri) 0. This leads to 



/•oo 

Jo 



'0 J 

Since A is invertible we have 

foo roo 



(3.3) = / e-^cp>lis)sds = 

•^0 m=l 

Since e^^il)^{s)sds is well defined, we let —>■ (ai,..,an) to get 

(3.4) / e"»(^)<^i(s)s = 0, 



Using the argument for the case of two equations as well as the assumption 
that A is irreducible we know each (pi decreases into a negative constant at 
infinity and (^i(O) > 0. As a consequence, e'^^^^^(i)i{s)sds > for each r > 
and a > 0. Thus a G S*. Then as in the case for two equations, {(p + tc/)^} 
for t small enough also satisfies the strict monotone property described in 
the definition of S. Therefore a — e (z S for e > small enough. This is a 
contradiction to the definition of a. Lemma |3. H is established. □ 

Now we complete the proof of Theorem 11.11 for n equations. Let u = 
(ui, ..,u„) satisfy 

' + ^ + Ei fliie"' = 0<r<oo, iel 



(3.5) 



re'^^^'^^dr < oo. 



pn— 1 



I ni(0) = (3i, ... ,u„_i(0) = f3n-i, Un{0) = 0. 
The following Lemma is useful for the case an > 0. 

Lemma 3.2. Let an > (i £ I), then for all [3 = (/3i, .., /?„_i) € 
there exists a solution u = (ui, ..,'Un) to 113. 5\) . 

Proof of Lemma 13. 2t By standard ODE existence theory we see that for 
P = (/?!, .., /3n-i) G M"^-"^, there exists a radial solution u = (ui, .., ttn) in the 
neighborhood of 0. Then by writing the system as a first order ODE system 
we see the right hand side always satisfies the Lipschitz property, therefore 
by Picard's theorem the solution exists for all r > 0. We are left to show 
that e'^^^'^^ sds < oo. Let Vi{t) = Ui{e^) + 2t {i E I), then v = {vi,..,Vn) 
satisfies 

Vi{t) + ^ aij-e"^^*^ = 0, -oo < t < oo, i £ I. 

j 

From the equation for Uj we have 

ru'i{r) = - [ y^aije^'i^^hds < 0, r > 0, i£l. 

Jo 4 
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Consequently f -(t) < 2 for t € M. Fix to ^ we have, for t > to, 



4{t) = 4{to) - [ ^aije^'^'^'Us, i G I. 

Since an > and aij > 0, it is easy to see that there exists t > to such that 
Wj'(t) < 0. Choose ti such that f -(ti) = —6 < for some 6 > 0, then we see 
from the equation for Vi that 

Viit) <Vi{ti)-5{t-ti), t>ti 

which is equivalent to Ui{r) < (—2 — S)lnr + C for r > e*^. Therefore 
e'^^^^^ sds < oo. Lemma[32]is established. □ 

Recah that o-i = ^ Jj^2 e"' = /q°° e^^^^^sds. a = (cji, .., cr„) G H. Let 

Hi := {/? = (/?!, (j3.5|) has a solution }. 

Note that by Lemma [321 Hi = M""! if an > for ah i G /. The mapping 
from Hi to LI is surjective. Here we claim that it is locally one to one. 
Indeed, let M be the following matrix: 

/ dp,ai ... 9^„„ifTi 
M= : : : 

We claim that M is nonsingular for /3 G Hi and o" G H. We prove 
this claim by contradiction. Suppose there exist a non-zero vector C = 
(ci, .., Cn-i)'^ such that MC = 0. Then by setting (3 = ci/?i + ... + Cn-iPn-i 
we have 

(3.6) df^ai = dpa2 = ... = dpCFn-i = 0. 

On the other hand, H is defined by A/ = 0, which reads 

By differentiating both sides with respect to (3 we have 

aij<Tj - 2)df3ai = 0. 

* j 

Since Ylj^ij^j > 2, (j3.6p implies 9^o"„ = 0. Set = dpUi {i G I), then 
(/) = .., (pn) satisfies the linearized equation (13. ip and (pn{0) = 0. From 
djjai = (i G /) we have 



poo 

/ e'^^(pi{s)sds = 0, i G / 

JO 



which implies from ()3.ip that (p is bounded at infinity. By Lemma 13.11 
(pi = ru'^ + 2, then we see immediately that this is not possible as (pni^) = 0. 
Therefore we have proved that M is nonsingular for all (3 = (/3i, ...,(5n-i) G 
Hi. 
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We further assert that there is one-to-one correspondence between Hi and 
n. This is proved in two steps as fohows. 

Case 1: Ojj > 0, z € I. 

In this case, Hi = M"~^. The mapping from Hi to 11 is proper and locahy 
one-to-one. Since both M"~^ and 11 are simply connected, there is a one to 
one correspondence between them. Let u = (lii, .., u„) and v = {vi, ..,Vn) be 
two radial solutions such that Un{0) = fn(0) = 0, J^2 e"' = J^2 e^' {i G I). 
Then tij(O) = Vi{0) [i = 1, ..,n — 1). Consequently Ui = Vi {i G I). Theorem 
II. H is proved for this case. 

Case 2: There exists € / such that a^^^ig = 0. 

We prove this case by a contradiction. Suppose = {(3^, G Hi 

for /c = 1,2 and / let u'' be the solution corresponding to Z?'^ such 
that e"»' = ^2 = ai {i e I). 

Just like the case for two equations, we consider the following system 



(3.7) 



<(r) + ^ + Zjiaij + e<5,,)e"^ =0 < r < 
e^^^^^rdr < oo, i e I. 
, lii(O) = /?!, ... ,u„_i(0) = Pn-i, n„(0) = 0. 



oo, 



i G / 



Let u be the solution to (j3.7p that corresponds to the initial condition 

P'' (k = 1,2). Let fj'^'^ = (f7^'',..,cJn'') be defined as a-'' = re"'''W(ir 
(i = 1, .., n). By the same argument as in the case of two equations, we have 
a^'' = {ai, .., an) + o(l) {k = 1, 2) and 



da 



dpj dl3j ^ 
Consequently the matrix 



,n 



1,2. 



/ ^/3i^l 



is non-singular at (3^ or for e small. On the other hand, 0"^'*^ and o"^'^ 
both satisfy 



> 0, 5 J 5 /. 



(3.8) 



We use n'^ to represent the hyper-surface described as above. For cj^''^ 
(o"^''^, .., CTra^) G n^, we can find = (/3j'^, .., /3^1i) such that 

/3j'' = /?l + o(l), j = l,2,..,n-l 
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and a solution u^''' of (13. 7|) with the initial condition {^l''^ , (3^'^^,0) such 
that 



oo 



-l.e 



re"-? dr = a^''^, j = 1, 2, .., n — 1. 
After using A| = in p.Sp we have 

re"" dr = aZ'\ 



Then the difference between and (3'^ implies ^ for e small. A con- 
tradiction to the uniqueness property satisfied by the system ()3.7p . Theorem 
II. H is proved for all the cases. □ 

4. Proof of Theorem 11.21 
First we state a Brezis-Merle type Lemma: 
Lemma 4.1. Let Q be an open, smooth, bounded subset o/M^. // 

^ / aijhje'''^ <4:TT -6, i e I = {1, .., n} 

j 

for some 6 > 0, then for any Qi CC there exists C{5,Q,i}i) > such 
that 

Uiix) <C, X e CC id 
Proof of Lemma 14. It Let f^ [i € /) be defined as 

-A//=(x)=E,a.,/iK', 0, 

ff{x) = 0, on dil. 
Then by Theorem 1 of [5J, we have 



where 5i > depends on 5. For any CC VL, let x € 0', suppose B{x, 82) C 
0, we have, by the mean value property 

u^{x)-f!{x) = \ [ iuUy) - fHy))dy 
\B{x,d2)\ Jb{x,S2) 



< C {ut{y)-fny)rdy 

Jb(x,52) 

< C [ (e"'" +e-^'') <C, i£l. 

Jn 

So by writing as - /f + /f we see that e"? G L^+^i {0,'), i C I. Let fj" 
be defined as 

^^(x) = 0, on dn' i e /. 



UNIFORM ESTIMATE FOR LIOUVILLE SYSTEM 19 

Then standard elliptic estimate gives Ifj'] < C in 0' {i £ I). Let Q" CC 
O', then for x £ Vl" , as before we have 



Lemma l4.ll is established. □ 

Recall that c^i = ^ f^2 hie^' {i E /) where hi = lim^^oo /i^(0). Since 
V = {vi,..,Vn) satisfies the Liouville system in M^, we have 

(4.1) '^(^ij'^j > 2, i e I. 

Let (fi = lim^^o linifc— >oo 2^ /b ^f^^'S then the assumption in Theorem 
11.21 implies 

(4.2) o-j > o-j i G I. 
So (j4.ip also holds for {cjj}jg/. 

Lemma 4.2. 

(4.3) ^ aijOiGj = 4^ o-j. 

Proof of Lemma 14. 2t 

Li the first step we prove that in a small neighborhood of 0, say, -6(0, rg), 
u\\qbh — > — oo for i G / and any fixed < i? < tq. 

Indeed, since ()4.ip holds for a = (cti, ..,CTn), we have ^ij^j ^ 2 + 3eo 
(i G /) for some eo > 0. By the definition of fij, we find tq small and r/. ^ 
such that e"'*" < eo {i £ I). Let 

(y) = u,^(rfcy) + 21nrfc, \y\ < Vq, i G /. 
Then the equation for is 

-A{)f = ^ aijh]{rk-)e*^ , \y\ < t-Vq. 

Let 

vHr) = 1 < r < Vo, i G /. 



Then 



3 



For r > 1, 

/ Y] aijh]{rk-)e^^ > At: + 2eo, i G /. 

-'Br A 



3 

So by the definition of , 



(?),'=)'(r) < (-2 - ^)r-\ r>l, i G /. 
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Consequently 

v-irk^ro) < -(2 + ^) Inr'^ + C ^ -oo, i e I. 

For any fixed R G (0, ro),ttf has bounded oscillation on any dBji, then we 
know — > — oo uniformly on dBji. As an immediate consequence, 
converges to — oo on all compact subsets of Bi \ {0} because u'^ is bounded 
above in Bi \ Br and has bounded oscillation on dBi. 

The second step is to use the first step to evaluate all the terms in the 
Pohozaev Identity. Let G{x,y) be the Green's function with the Dirichlet 
condition. By the Green's representation formula we have: 



[ G{x, y) ^ a,,h>;e^^ - [ ^^^u'l{y)dSy, i € I. 



3 

The Pohozaev identity for the system (jl.9p defined on 17 is of the following 
form (see the appendix for the proof): 



Let = Bfi (R £ (0, 1)) in the Pohozaev Identity, using the fact that 
li^ —>■ — oo in Cf^^{Bi \ {0}) we observe that 



/ V(x • e"' ^ and / (x • V/if )e"»' 

JdBjt i J Br 

Also we have 



0, i G I. 



For |x| = R, 

Vu\{x) = [ V,G{x, y) V a,,h';e^" - [ V.(^^^)nf (y), i G / 

JBi J JdBi 

The second term of the above is the gradient of a harmonic function that 
has bounded oscillation on dBi. Let k oo, 

(4.4) a,uf (x) ^ + 0(1), deu^x) ^ 0(1), i G /, lx| = R. 

R 

Using (|4.4p in the Pohozaev Identity, we have 

'^aijaiaj = A'^ai + 0{R). 

ij i 

Lemma 14.21 is established by letting — > 0. □ 
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Now we claim 

(4.5) ai = ai, i e I. 

To see this, let Si = — ai. We know from (j4.2p that Sj > (i € /). 
Since for {(Ti}jg/ we also have 

ij i 

we obtain the following equation for Sj from Lemma 14.21 and the above: 
5Z E ""^i ) *i + E '^v'^i ) Si = 4 ^ Si . 

j i i j i 

Since both aij(Ji and flji<^j ^-i^s greater than 2, it is easy to see from 
the above that Si = {i £ I). (j4.5p is proved. 

Let efc = e 2 ^ hf{y) = hf{eky + a^i) {i £ I). Here we recall that 
tij(a;5^) = maxs^ {i € I). Then we have 

j 

where 0^ := {y; euy + x\ £ Bi }. Let 

(4.6) a'^ = — I /ij^e"s and = OijiT^ i G /. 
We have erf — > fii and m\ —>■ rm > 2 [i £ I). 

Proposition 4.1. Given 6 > 0, there exists R{6,A,co,ci,a) > 1 such that 
for all large k 

(4.7) {-m'l-5)ln\y\<vf{y)<{-m'l + 6)ln\yl y E f^A ^2i?, i&I- 

Proof of Proposition I4.lt 

By the convergence of vf to Vi in C;^^(M^) we only need to prove (14. 7p for 
272 < < e^^ where i? >> 1. By the Green's representation formula we 
have, for x £ Bi and i G I 

(4.8) nHx)= [ Gix,z)i^a,,h^e^^(^y)- [ ^^^nf(.). 

JBi J JdBi OV 

Since the major term of the Green's function is — ^ In |x — z| and the oscil- 
lation of u\ on dBi is bounded, we have 

uHx) - nUx'l) = ^ [ ln^i^(5]ai,/.,^e«?(^))dz + 0(l). 

where nf (xf ) = max^^ uf . Since our assumption is that u'^ converges to 
V = {vi,..,Vn) after scaling. The radial symmetry of Vi implies 

\u'^{x'l) - u';{x';)\ < C, e-5"?(^J)|xf - 41 ^ 0, i,j G /. 
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With this observation and the definition of Vk (14. 8|) can be rewritten as 

(4.9) vKy) = ^l ln^^(J]a,,/i,V'(^))dz + 0(l), i € /. 

The proof of (j4.7|) can be put into two steps. First we show: For iV > 1, 
there exists -R >> 1 such that for |y| > 2R and ah large A;, 

(4.10) t;f(y) < -21n|y| - iV, \y\>2R, iel. 

To this end, we use the argument in Lemma [4. 1[ Since ^ Cj, for e > 
small to be determined, we choose R » 1 such that 



/ 



Fix r > 2R and set 

Vi{z) = vf{rz) + 2lnr + 2N, ^ < \z\ < 2, 

By letting hi{z) = h^{rz) we have 

-Av,{z) = aijhjiz)e-^^e''^^'\ i < |^| < 2, i e /. 
i 

Note that for simplicity we omit k in Vi{z) and hi. It is readily verified that 

J\<\z\<2 J^k\BR 

Now we choose e to be small enough so that 

„2Ar 



The inequality above implies 



(4.11) / < C7, i € / 

2V 



/ e ' 

Jb2\Bi 

2 



where C is independent of A^. Using (|4.1ip and the argument in Lemma [4. II 
we have 

(4.12) Vi{z) < Co, |z| = 1, i e I 

where cq is a universal constant. ()4.10p follows immediately from (j4.12p . 

In the second step we use (I4.10p and (14. 9p to prove (|4.7p . First since 
l^l ~ |y — z| for 1^1 > 2\y\, we have 

vHy) = ^ I ^^r^\(Z a,,h>;e"n^))dz + 0(1). 
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Next we show that 

(4.13) \\n\z\\{Y^a,fh';e''n^))dz<^ln\y\, \y\ > R, 

where Ri will be chosen large in terms of 5. Indeed, we can choose Ri so 
large that 

(4.14) —[ ya,Me'''^'^dz<5/m. 

Then the integral in (14.130 can be divided into two parts, one part is the 
integration over B^^, the other part is the integration on -B2jy| \ -^/Ji- Since 
e^^ decays faster than ly]"^^*^^ for some 5i > 0, we use the convergence of 
to Vi to obtain that the integration over Bji^ is 0(1). For the other term 
it is easy to see from ()4.14p that the integration over B2\y\ \ Bji^ is less than 
I In The last term to deal with is 

For this we divide B2\y\ into two sub-regions: 

= {z G Ofc; \z\ < \y\/2}, ^2 ■■= B2\y\ nnk\^i- 
Since |y — z[ ~ \y\ for z € fii and 

I ^ f \ ^ T k\ ^ 

— / > aijhje i — m^ \ < — 
for |y| large. We obtain immediately that 

\n\y-z\{^aij}^e'''^^''^)dz-m!l\n\y\\<^\n\y\, \y\>Ri. 

To estimate the last term: —-^ f^^ In \y — -^KX^j CLijhje^^ ^^^)dz, we use polar 
coordinates and ()4.10p to obtain 



/ In |y - z|( V ai.L^e^i ("))dz| < Ce"^ In 



y\ 



for a universal constant C. Choose large enough we see this term is less 
than ^ln|y|. Proposition 14.11 is established. □ 

Since — > mj > 2, e^^^^^ ~ O^yl^"^^^^) for some 62 > 0. Using this in 
the proof of Proposition 14.11 again we see that 

(4.15) |z;f(y)-mfln(l + [y|)| <C(^,co,ci,c7), ye^k, iel. 
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Proposition 4.2. 

(4.16) j;a.,af4 = 4^af + 0(6D 



where c> is a small number. 



Remark 4.1. Proposition \4--S\ is equivalent to the second statement of The- 
oremlLM 



Proof of Proposition 14. 2t Let m > 2 be less than {i € /) and 
Lfc = e^"^ for c > small. We estimate each term of the Pohozaev Identity 
on^fc :=S(0,Lfc): 

By the decay rate of (j = 1,2), we have 

/ {yVh1e-') = ek j (y • V/if (e^y + x^)e-> = O(efc), iel. 

[ 2/i^e^' =47r(jf + 0(L^™+2), i G I. 



Similarly 

JdEk 

Now we estimate Vff {i € /). By the Green's representation formula: 
(4.17) Vv^y) = I VyG{y,r^){Y,a,fhyo^^^)dr^ 

dG{y,r]) ^ 
Vj,( — )vi {v)dSri ^ e 

dn^ 

The last term above is the gradient of a harmonic function. We know that if 
/ is a harmonic function on Bn, then |V/(0)| < C ■osc{f)/R. By this reason 
we know that, since has bounded oscillation on d^k and \y\ = << e^^, 
the last term of KT7\\ is O(efc). 

To estimate the first term of (j4.17p . we use 

G{y,r]) = -^ln\y-r]\ + Hk{y,ri). 

For \y\ = Lk, Hk{y, v): ^ ^ function of ry, is a harmonic function of the order 
©(Ine^"*^) on dQk- So for r/ G Ek, using Hk{y,r]) = Hk{r],y) and standard 
gradient estimate for harmonic functions, we have 

\VyH,iy,v)\ = \V,H,{y,r^)\ < C^^^^^^ = 0{ei). 
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Consequently 

for 5 G (0, 1). We are left with the estimate of the term 



^ / Vy{ln\y-rj\)Y,aifh^e''^^'^dri. 



For this we use 



5ya(-^ln|y-r/|) -9a(-^ln|y|) 

• (X — -L • 



2tt \y — ??p|yp 

and elementary estimate to obtain 



I V,(lnIy-7?l-ln|y|)(^a,,/.,V'(^))dr? 



= 0(L-™+MnLfc). 
Consequently 

davHv) = I da{-^\n\y\){Y^a,fhy^)dr^ 

= -mf^+0(L^"^+MnLfe), i(£l,a=l,2. 

Using this in the computation of the Pohozaev Identity we obtain ()4.16p . 
Proposition 14.21 is established. □ 

Now we are in the position to prove (jl.lSp . One can find {fTj^felig/ that 
satisfies Aj{a.^k) = 0, which is 

^^^CLijaikCTjk = 4^crjfc 

so that 

(4.18) (Ti,fc = (Tf, i = l,..,n-l, an,k - = 0{ei) 

for some 6 > 0. For {<Tj fc}jg/ we let = {V^, --tYJ^) be the unique global 
solution so that are radial with respect to the origin, 

^ [ hU0)e^" = a,,k, i G /, V.^O) = 0. 

Note that the uniqueness is proved in Theorem ll.il Using ai^k Ci {i £ I) 
as A; — s- cx), we assert that V^'^ Vi {i G I) in Cf^^{M.'^) because v = (vi, .., f„) 
is the only radial solution that satisfies ^ f^2 hie"^ = cjj and vi (0) = 0. On 
the other hand, by standard potential analysis 

\Vi{y)+mi^k^n\y\\<C{A,a), \y\>2 
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where fhi^k = Xlj o.ij(^j,k- (!4.18p implies Irhi^k — "i^l = O(e^). Thus by ()4.15p 
we have 

\vHy)-V^{y)\<C{A,co,ci,a), yGflk. 
Let V^^ be defined by 

y^(efcy) + 21og6fe = y^(y), 
then the second statement of Theorem 11.21 is established. □ 

5. Proof of Theorem 11.31 and (|1.16|) 
In this section we prove Theorem 11.31 and (jl.l6p . Let 

ijl^ = vly-i;l ^ = h\e^l i€l. 
Since ip^iO) = we have 

S/h'y{0) V/i,'=(0) 

Let 1^1 = 1 be a unit vector, then a Pohozaev identity for n'^ = {u^, ..,11^) is 
of the form (see the appendix for the proof) 



Br 



By choosing < i? < 1, it is easy to see from the decay rate of that 

JdBR ^ 

Also, since /i^e"* — > lixaib^ in distributional sense, the left hand side of the 
Pohozaev identity tends to 

k{0) 



Oi. 



To consider the limit of V{t^(x) for |x| = i?, we use the Green's representa- 
tion formula: 



G{x, ?7)(^^ aijhj{rj)e^^ ^^^ ) + constant. 



^1 1 



By taking the derivative on x and letting /c — > 00, we have 
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Using this in the computation of the Pohozaev identity we see the hmit of 
the right hand side is 0. Therefore we have obtained: 

Since is arbitrary, Theorem 11.31 is estabhshed. □ 

Proof of (|1.16p : Since Jj^jh^e^'^ = 1 {i e I) the equation for {u^} is (see 

n 

(5.1) Agu'^ + pjai,{h';e''^ - 1) = 0, M. 

Recall that {pi, ..,pm} are disjoint blowup points for {u^}. Let 

(5.2) au = lim lim — [ h'ye''UVg. 

r^Ok^oQ 27r JB{pt,r) 

Our assumption is that around each pt, {u^} converges to a Liouville system 
of n equations after scaling. Let (5 > be small enough so that B{pt,5) 
{t = 1, ..,m) are disjoint. For each t, let Mj^ be the maximum of {uf}i^j in 
B{pt, 6). In the isothermal coordinates around pt, g = e'^6o and = e^'^A 
where 6o is the Euclidean metric. We also have = |V(/)(0)| = 0. With 
these properties (15. ip in B{pt,6) becomes 

n 

Anf + pjaije^hjie'^'S - 1) = 0, Bs, i G /. 
i=i 

Let fi satisfy 

Afi = 'YPj'^ij^'^hj ^s, i^I 
j 

and /j = on dBs, then the equation for li^ can further be written as 

(5.3) A{u'^ + fi) + Y,Pjaije^'^'hje'''+^'=0, Bs, iel. 

j 

Let 

By Theorem 11.21 and (/)(0) = the limit of a^^ is an (defined in (j5.2p ). Let 
iriit > 2 be the limit of mf^, then from Theorem 1 1.2 1 we have, for x G dB{pt, 5) 

(5.4) u^i{x) = - "^it' '^ M^ + 0(1), xedB{pt,5) i e I, t = l,..,m. 

From the Green's representation of it is easy to see that the difference 
between u^{x) and u^{y) for x,y away from the blowup set is uniformly 
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bounded. Therefore for fixed ti and t2, using Mj^ — > oo we obtain from (fST 
that 

(5.5) = A,,,„ ZGI. 

We claim that At^tj = 1- Indeed, {crit}i£i satisfies 



which can be written as 

ij ij 

The above is equivalent to 

a^^ (m,t - 2){m,t - 2) = 4 a*^'. 
«i ij 
Replacing mu by rrij^^ and mit2 respectively in the above, we have 



Recall that A is assumed to be positive definite. So "^-j a*-' > 0, we have 

Atita = 1 ih,t2 = 1, .-,171). 
We can further claim that 

(5.6) fjit = iel, t=l,..,m. 

Iirm 

because /^^ h^e^^ =1 {i £ I), mu^ = mu^ {i G /) and 

M\U™iB(pt,5) 

The Green's representation for is 

(5.7) Ui{x)=Ui+ G{x,ri)y2pjaijhje'''^dVg. 

Jm . 

The last term of the above tends to 

m 

(5.8) ^G{x,pt)C^Pjaij)/m. 

t=i j 

Recall that 

(5.9) G{x,r,) = -^x'^^d{x,ri) + G*{x,ri). 

For X G dB{ps, 6), by choosing the support of x possibly smaller, we observe 
that G{x,pt) = G*{x,pt) for t ^ s. Therefore, let (j)k be the harmonic 
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function on B{ps,6) defined by the oscillation of on dB{ps,6), using 
(l57fl). (ES) and (ESI) we have 



lim Vg4>k{ps) = y^yiG*{ps,Pt){y^Pjaij)/m. 

k—>oo — ' — ' 

Then (jl.l6p is a consequence of Theorem 11.31 and the above. 

6. Appendix: The Pohozaev identity for the Liouville system 
In this section we derive the Pohozaev identity for the Liouville system 

n 

(6.1) - Aui = ^aij/ij-e''^ CC i G /. 

i=i 

The Pohozave identity for (j6.ip is 

(6.2) g ( y (x • V/ii)e"' + 2/i,e"' j 

Proof of (1672]) : We write as 

(6.3) -^a'^^Uj = hie""*, Q, iel. 

j 

By multiplying x ■ Vui to the right hand side of (16. 3p and integration by 
parts, we obtain the following terms: 

/ (x • z^)/iie"» - 2 f hie""^ - [ (x • V/ii)e"\ 
Jn Jn Jn 



Multiply x-Vui to the left hand side of (j6.3p and use integration by parts, 
we have, after taking the summation on i 

- / a'^dyUjX ■ Vui + / a'^VuiVuj 
ij Jn 

,.2 2 

+ ^ / a'^XhdgUjdabUi. 

ij a=l b=l 

Using the symmetry of a*-' and integration by parts again the left hand side 
is equal to 

Jan 2 . . Jg^ 

Then dO) follows. 



A different version of the Pohozaev identity is as follows. Let ^ be a unit 
vector, then we have 
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(6.4) Yl f 

The third Pohozaev identity is for the hnearized system: 

(r(/)-(r))' + ^aije"Jr<?;)j(r) = 0, < r < oo, i£l. 

j 

The Pohozaev identity is: 

(6.5) ^(r2(/,i(r)e"' - 2 Tse^'c^ids) = -Y,a'Hr(l>'j{r)){ru'i{r)). 

To derive (16. 5p we just need to write the hnear system as 

-^a^^(r0^(r))' = e"'(/.i(r)r, iel. 
j 

Multiply rn-(r) to both sides of the above and use integration by parts, we 
obtain ()6.5|) . 
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